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Community structures are found to exist ubiquitously in number of systems conveniently repre-
sented as complex networks. Partitioning networks into communities is thus important and crucial
to both capture and simplify these systems’ complexity. The prevalent and standard approach to
meet this goal is related to the maximization of a quality function, modularity, which measures
the goodness of a partition of a network into communities. However, it has recently been found
that modularity maximization suffers from a resolution limit, which prevents its effectiveness and
range of applications. Even when neglecting the resolution limit, methods designed for detecting
communities in undirected networks cannot always be easily extended, and even less directly ap-
plied, to directed networks (for which specifically designed community detection methods are very
limited). Furthermore, real-world networks are frequently found to possess hierarchical structure
and the problem of revealing such type of structure is far from being addressed. In this paper,
we propose a scheme that partitions networks into communities by electing community leaders via
message passing between nodes. Using random walk on networks, this scheme derives an effective
similarity measure between nodes, which is closely related to community memberships of nodes.
Importantly this approach can be applied to a very broad range of networks types. In fact, the suc-
cessful validation of the proposed scheme on real and synthetic networks shows that this approach
can effectively (i) address the problem of resolution limit and (ii) find communities in both directed
and undirected networks within a unified framework, including revealing multiple levels of robust
community partitions.

PACS numbers: 89.75.Hc, 89.75.Fb

I. INTRODUCTION

Real complex systems can be conveniently modeled as
networks, where the systems’ elements are identified with
nodes and the relations between elements correspond to
edges [1–3]. Such a representation is becoming increas-
ingly common and critical to both capture and simplify
systems’ complexity, notably, via the partitioning of net-
works into communities. Communities are subgroups of
nodes that interact more with nodes in the same groups
but far less with nodes in different groups, and they are
found to exist ubiquitously in many networked systems.
In the World Wide Web, communities are groups of web
pages sharing identical or similar topics [4]; in food webs,
they correspond to compartments [5]; in biological sys-
tems, they are related to functional modules like path-
ways [6] or proteins having the same function within the
cell [7]; in social systems, they correspond to different
working or friendship circles [8].
Community finding is usually performed by using only

the information encoded in the network topology, and
the goodness of a network partition into communities

is usually measured by a widely used quality function
called modularity [9], proposed by Newman et al. Mod-
ularity is often computed by referring to a network with
the same number of nodes and edges rewired at random
but preserving the associated total edges’ weight of each
node. The partition showing the highest modularity is
considered to be the most likely one, consequently, find-
ing communities in networks is often transformed into
maximizing modularity, and several heuristics for the op-
timization of this process have been proposed [6, 10–13]
and compared [14]. However, recently, modularity opti-
mization has been shown to suffer from a resolution limit
[15]. This indicates that communities found by maxi-
mizing modularity are often incompatible with the real
community structure of a network, even if communities in
that network are cliques. Many efforts have been spread
to address such a difficulty. Ruan et al. proposed to
recursively maximize modularity for each single cluster
found by previous partitions, without warranty of finding
the proper communities [16]. Li et al. proposed modular-
ity density as an alternative quality index for modular-
ity [17], however, this approach still suffers from resolu-



2

tion limit. In fact, although a tunable parameter is used
to overcome the resolution limit, it remains difficult to
choose a proper value that identifies the most probable
partition, in particular if the network does not show a
hierarchical (multi-level) community structure. Alterna-
tively, a spin model based formulation has also been pro-
posed [18], although this approach was not originally de-
signed to address resolution limit but to generalize mod-
ularity in the framework of statistical mechanics. Still,
such a generalized quality function (Hamiltonian) suffers
from resolution limit [19]. Arenas et al. proposed to add
to every node a self-loop with identical weight and used
modularity optimization with large numbers of different
values of self-loop weight to detect dozens of possible can-
didate partitions [20]. Such a method needs to sample a
large range of values of self-loop weights, and it is usu-
ally difficult to choose one or more probable partitions
from so many possible candidates if a priori information
is lacking. For larger networks this becomes increasingly
difficult since the number of candidate partitions with
similar ranges of possible self-loop weights is often in-
creasing quickly [for a fixed self-loop weight the resolu-
tion limit remains]. Finally, with the concept of stability
of a network [21], Lambiotte et al. proposed a framework
to optimize the modularity of a different network whose
edges are weighted by continuous time random walk at
different time scales [22]. Such a framework can be used
to screen a network at multiple levels of resolution, but it
is difficult to identify the most probable partition if the
network has only one modular description.
In this paper, we propose a simple but effective unified

framework, effectively addressing the problem of reso-
lution limit, to find communities in directed and undi-
rected networks. Similarly to some of the efforts men-
tioned above, the proposed framework can also be used
to screen multiple levels of the structure if the network
shows a hierarchical community structure. However, dif-
ferently from all the aforementioned efforts, the frame-
work can easily identify the most probable partition(s)
of a network into communities, since the most likely so-
lutions can be evaluated and ranked with a meaningful
statistic.
Just like communities in social systems can be identi-

fied by their charismatic leaders, working groups by their
managers, labs by their directors, universities or insti-
tutes by their principals and so on, similarly, communi-
ties in more general types of networks can be assumed
to have community leaders, that uniquely identify their
members. In this frame, it is possible to imagine that
a network is a social organization and that finding com-
munities corresponds to electing group leaders in this or-
ganization. The election process can be divided in two
phases.
First, every member (node) in the organization needs

to evaluate his influence on all his direct neighbors. Let
assume for the moment that each member has plenty of
agents (clarified later) to help him gather enough infor-
mation on the roles that his direct neighbors play in this

organization. With such information, a member will give
high weights to the relations (edges) towards his direct
neighbors who will also highly influence him. Each ex-
plicit relation (existing edges) will thus be re-evaluated
after one round of information gathering. As a direct con-
sequence, the organization level of the system becomes
clearer than it was in its original form. The clarifica-
tion continues as information gathering continues for a
certain number of rounds and each explicit relation is
thus re-evaluated accordingly. Before entering the sec-
ond phase, each member should evaluate how well he is
suited to be the group leader of other members (with di-
rect or indirect connections) in the whole organization
(network).

Secondly, each member takes into account his potential
to be a group leader as well as his competitiveness, and
sends messages to other members to compete for support
from them, in return he receives feedback for his request
of support. The qualification of each member to be a
group leader is judged by an electoral commission: all
members are considered to be candidates and a leader
of a group cannot be member of other groups. In such
election, the number of underlying groups is not known
in advance, however, after the election is over, groups are
formed, indexed by their corresponding group leaders.

In this paper, we use random walk as the surrogate of
agents to gather information. The information acquired
is then translated into weights to re-evaluate the network
edges. Message passing between nodes is implemented by
Affinity Propagation, a recently devised efficient cluster-
ing method [23], which is also used to define the potential
of a node to be a group leader. The electoral commis-
sion interprets the constraints on the message passing
procedure. It must be pointed out that one of the desir-
able requisites of a community finding procedure is the
automatic determination of the number of communities.
Affinity Propagation fulfills this requirement by setting
for each node a suitable preference that represents how
likely it is that such a node will be elected as its com-
munity leader. Unlike other clustering methods, like, for
example, C-means or C-median [24], the preference set-
ting strategy is much easier to define than the number of
communities. In this paper, we suggest a simple prefer-
ence setting strategy to easily and effectively determine
the number of communities.

The direct application of Affinity Propagation to ad-
dress the community finding problem has been first pre-
sented in our previous work [25], where the similarity
metric used makes a strong assumption on the edges,
i.e. pairs of connected nodes are to some extent similar
[26]. Since, for many networks with community struc-
ture, edges between pairs of nodes do not always indicate
nodes’ similarity, the previously suggested procedure is
suitable only for a few types of networks. In this current
work, we relax such an assumption and adopt a similarity
based on community membership of nodes. In practice,
the new similarity is the likelihood that a pair of nodes
is in the same community. This is based on the fact that
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two random walks triggered on two nodes in the same
community will have quite similar trajectories and, con-
versely, relatively different trajectories if they are trig-
gered on nodes in different communities [27, 28]. The
trajectory of a random walk triggered on a node can be
quantified as an N -dimensional vector in a metric space,
where N is the number of nodes. This is thus equivalent
to embed each node of a network into an appropriate
Euclidean metric space. Consequently, finding commu-
nities in networks is transformed into clustering vector
points in a metric space. Embedding nodes into a metric
space to find communities of a network has been previ-
ously suggested elsewhere. In particular, Donetti et al.
[29] embedded nodes of a network into a metric space
by means of eigenvectors of the Laplacian matrix of the
network and used hierarchical clustering with suitable
distance measures to find communities in that network.
Such a method needs to compute the first H eigenvec-
tors corresponding to the first smallest eigenvalues of the
Laplacian matrix. The numberH needs to be searched in
the range [2, ..., N ], which together with the computation
of eigenvectors makes the whole process inefficient. More-
over, modularity was used in that framework to select the
proper H, carrying therefore the known resolution limit.
In order to find communities in directed networks by
means of node embedding, we previously proposed to em-
bed nodes of directed networks into the metric space via
PageRank random walk induced network embedding [30].
Such a method transforms a directed network into an
undirected one via network embedding, therefore modu-
larity is reformulated for directed network which contain
undirected ones as a special case. This approach succeeds
in several types of real and synthetic networks but it still
relies on the above mentioned assumption that pairs of
connected nodes are somewhat similar. It is noted that
Affinity Propagation in its original form can be regarded
as clustering data points in a network, but the edges (and
associated weights) of the target network must reflect
pair-wise similarity relationships between nodes as well
[similar to the case when directly applying another popu-
lar clustering method-hierarchical clustering-to partition
networks]. In contrast, the proposed scheme incorporat-
ing Affinity Propagation is more general, since it does
not impose any strong restriction on edges, therefore it
can be used to cluster nodes into communities in very
general directed and undirected networks.
In the following, we first briefly introduce some basic

concepts (modularity, resolution limit and random walk)
in Section II, and then propose our community finding
scheme in Section III, in particular by introducing the
concepts of Affinity Propagation, the similarity based on
community affiliation and the message passing procedure.
We apply the proposed scheme to a wide variety of real
and synthetic directed and undirected networks in Sec-
tion IV. Conclusion and discussions are finally drawn.

II. MODULARITY, RESOLUTION LIMIT AND
RANDOM WALK

A weighted network is a collection of nodes and
weighted edges (or links) between pairs of nodes, asso-
ciated with a weighted adjacency matrix W : wij > 0
if there is an edge with positive weight between nodes
i and j, and wij = 0 otherwise. Furthermore, if wij =
wji,∀i, j, the network is undirected, directed otherwise.
A binary network is a special type of weighted network
with all non-null weights equal to 1.

To partition a network into communities, an appropri-
ate and meaningful quality index is needed. Modularity
is such an index and, given a partition of an undirected
network into C groups, it is defined as [9, 11, 31]:

Q =
C∑

s=1

wss

M
− (

ws

2M
)2

=
1

2M

∑
i,j

(wij −
wi.wj.

2M
)δ(ci, cj)

(1)

where M is the total weight of edges of the network; wss

is the total weight of edges within group s; ws and wi.

are called weighted degrees of group s and node i, re-
spectively, and they represent the total weight of edges
associated with group s and that of edges associated with
node i, respectively. The Kronecker function δ(·, ·) en-
sures that the summation is performed over edges in the
same groups and ci is the group label of node i. For a
directed network, the quality of partitioning it into com-
munities is similarly measured by the modularity adapted
to directed networks as follows [31]:

QDir =
1

M

∑
i,j

(wij −
wout

i. win
j.

M
)δ(ci, cj) (2)

where wout
i. and win

i. are out-degree and in-degree of node
i, respectively. The directed modularity tends to vote for
a statistically surprising configuration: if a node i has
high out-degree but low in-degree while node j is in the
reverse situation, there is more likely a directed edge from
node i to node j than vice versa. Finding communities
in a directed or undirected network is usually done by
maximizing the corresponding modularity.

However, as recalled above, modularity maximization
suffers from a resolution limit [15], which sets an intrin-
sic scale to the communities that can be found. Whether
resolution limit will occur or not when maximizing mod-
ularity depends on the whole size of a network (the total
weight) and on the inter-connectedness between commu-
nities in that network. The theoretical analysis of reso-
lution limit was initially performed on undirected binary
networks, but has since been naturally extended to the
case for weighted networks [27]. Moreover, since there is
a relationship between directed and undirected modular-
ity [31], it is expected that maximizing directed modu-
larity also suffers from resolution limit, a fact that has
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been empirically validated [28]. Other alternatives effec-
tively addressing resolution limit for community finding
are therefore needed, the alternative proposed in this pa-
per is to view community finding as clustering into groups
vector points that are efficiently embedded in an appro-
priate Euclidean metric space.
We implemented such an alternative for community

finding by means of random walk on a network. Ran-
dom walk is a dynamic process that can be simulated
on a network to explore its underlying structure and has
been successfully applied to reveal community structure
in networks [22, 27, 28, 30, 32–34]. At each step, the
walker starting from a node of an undirected network
randomly selects one neighbor to move to in the next
step, with a probability proportional to the weight of the
edge connecting the nodes. Formally, a random walk is
characterized by the transition matrix P , which elements
pij represent the ratio between the weight of edge (i, j)
and the weighted degree of node i, i.e. pij = wij/wi., or
in matrix form P = D−1W (the degree matrix D is a
diagonal matrix: D = diag(w1., , wN .)). If a network is
connected, random walk on it is irreducible (it is possible
to reach any node from any node) and aperiodic (return
to any node can occur at irregular time steps), there ex-
ists a stationary distribution of the random walk [34] and
the probability of random walker being on a node in sta-
tionary state only depends on the degree of that node.
However, for a given finite time step t, the probability
of a random walk starting from any node on a network
to reach other nodes in t steps (random walk length) is
specified in matrix P t, each row i of which records the ex-
pected trajectory of the random walk triggered on node
i. To ensure that random walk on a general directed net-
work is irreducible, i.e. a stationary distribution exists,
a random walker is converted into a random surfer that
can teleport with a certain probability instead of walk-
ing along the edges on a network [35]. The behavior of
a random surfer is characterized by a similar transition
matrix PDir:

PDir = α(D+
outW +

1

N
µeT ) + (1− α)eeT (3)

where α is the probability that a surfer starting from
a node randomly moves along any directed edge to any
node that the edge points at, and 1 − α is the proba-
bility that the surfer randomly and uniformly jumps to
any node of the network; D+

out is the pseudoinverse of
the out-degree matrix Dout = diag(wout

1 , ..., wout
N ) of the

directed network; µ is an N -dimensional vector with all
zeros except that µi = 1 if wout

i = 0, and e is another
N -dimensional vector with all ones, i.e. e = (1, ..., 1)T .
The stationary distribution is then specified by π =
(PDir)Tπ, where π = (π1, ..., πN ) and

∑
i πi = 1. In

the following, the value of α is always set to 0.85 as sug-
gested by Page and Brin [36].

III. PARTITIONING NETWORKS BY
MESSAGE PASSING

A. Affinity Propagation

Message passing between nodes is here implemented
by Affinity Propagation clustering [23]. Affinity Prop-
agation is used to find good partitions of data points
(nodes) into groups (communities) and to associate each
group with its representative (exemplar) so that the over-
all similarities between data points and their exemplars is
maximized (therefore Affinity Propagation is also known
as exemplar-based clustering method). In order to ex-
plain more vividly the mechanism of Affinity Propaga-
tion, nodes (data points in a network) can be visual-
ized as voters, exemplars as group leaders, and the goal
of community finding as election. Affinity Propagation
takes as input a collection of real-valued similarities be-
tween voters, where the similarity sim(i, k) is the likeli-
hood of voters i and k to be in the same community and
represents how well a voter k is suited to be the group
leader for voter i. Two types of messages -responsibility
and availability- are derived from these similarities and
recursively transmitted along the edges of the network
to communicate between voters and their group lead-
ers. Responsibility r(i, k), sent from voter i to candidate
group leader k, informs k to what extent voter i will sup-
port him to be the leader of i by taking into account
other potential leaders for voter i. Availability a(i, k),
sent from candidate leader k to target voter i, tells i how
much evidence there is from other voters that support k
to let k be their group leader. At the very beginning,
Affinity Propagation simultaneously considers all voters
as potential group leaders and thus initializes the avail-
ability to zeros, i.e. a(i, k) = 0,∀i, k.

The messages are updated by several simple formulas,
based on the maximization of an appropriately chosen
function:

S(c) = −E(c) +
N∑
i=1

δi(i, ci)

=
N∑
i=1

sim(i, ci) +
N∑
i=1

δi(i, ci)

(4)

where c = (c1, ..., cN ) are the yet unknown labels of com-
munity of nodes; the energy function to be minimized is

E(c) =
∑N

i=1 sim(i, ci). Not all label configurations are
valid since it is forbidden for voter i to choose k as its
group leader without k having been correctly labeled as
a leader. A constraint (regulated by the electoral com-
mission) is then added to enforce valid configurations:

δi(i, ci) =

{
−∞, if ci ̸= i, but ∃j : cj = i, (5)

0, otherwise. (5′)

The message updating rules are then deduced:

r(i, k)← sim(i, k)−maxk′ ̸=k{a(i, k′) + sim(i, k′)} (6)
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a(i, k)← min{0, r(k, k) +
∑
i′ ̸=i,k

max{0, r(i′, k)}},∀i ̸= k

(7)

a(k, k)←
∑
i′ ̸=k

max{0, r(i′, k)} (8)

Rather than requiring to specify in advance the number
of communities, Affinity Propagation takes as input the
preference sim(k, k) to indicate how likely node k is to be
chosen as community leader. The number of communities
is jointly determined by the values of preference and the
message passing procedure. The preference sim(k, k) can
be regarded as the potential of node k to become a leader,
but this also depends on its competitiveness with respect
to other candidates.
The responsibility r(i, k) in equation (6) represents

the message containing support from voter i to candi-
date leader k, which is the outcome of competitions be-
tween candidate k and other candidates who also per-
suade voter i to support them. If the competitiveness of
node k on acquiring leadership of voter i is even weaker
than a voter k′ that is no longer a candidate leader (i.e.
a(i, k′) < 0), it is hard for voter i to support candidate
k to be its group leader. The self-responsibility r(k, k) is
regarded as the self-confidence of node k to be a group
leader, based on its potential to be a leader and its com-
petiveness among all other candidates.
The availability a(i, k) in equation (7) only considers

positive support from voters except i since the candidate
leader k does not need to show how poor are its scores
from voters who tend to not support him (negative re-
sponsibility). If candidate k lacks of self-confidence to
be a leader (r(k, k) < 0) even if it has positive support
from other voters, it is better for it to be headed by other
candidates and thus availability is thresholded to zero to
limit the influence of strong incoming support.
Finally, the self-availability a(k, k) is the total support

from voters who are willing to choose node k as their
group leader. After the election is over (corresponding
to the message-passing procedure convergence), all the
nodes can find their corresponding group leaders and the
communities are indexed by group emergent leaders. The
rule for voter i to identify its group leader is:

ci = argmaxk{a(i, k) + r(i, k)} (9)

which means that node i is the group (community) leader
if ci = i or that ci is the group leader of node i.

B. Community membership based node-node
similarity

1. Random walk induced behavioral quantities

To apply Affinity Propagation to find communities in
general networks, a suitable similarity metric is needed.
Since edges in a network do not necessarily indicate that

the nodes they connect are similar pair-wise, it is neces-
sary to design an appropriate similarity metric to reflect
the extent to which nodes are in the same communities.
Since it has been observed that random walk on a net-
work will persist for a longer time in the same community
than between communities [22, 34], therefore, two ran-
dom walks triggered on two nodes in the same community
will have very similar trajectory patterns, while relatively
different if the triggering nodes are in different commu-
nities. Such type of similarity has been used and proved
efficient in our previous work for iterative edge weighting
to enhance the ability of modularity-based community
finding algorithms [27] and to reveal communities in di-
rected networks [28].

As mentioned before, P t records the expected trajec-
tory of a random walk and thus each row of P t can be
regarded as an N -dimensional vector in the Euclidean
space. Consequently, P t is here used as a fundamental
variable to find communities in undirected networks [34].
However, there are limitations if only one type of random
walk with length being exactly t is considered. These lim-
itations are: sensitive dependence on parts of network far
from the target nodes whose pair-wise similarity is being
computed, and an unstable measure resulting from fluc-
tuations if the network is nearly bipartite. To reflect the
likelihood of pair-wise nodes being in the same commu-
nities, a useful similarity measure should emphasize the
contributions from nodes near the target nodes currently
considered. The underlying principle is that identifica-
tion of two target nodes in the same community mainly
depends on the interconnectedness between target nodes
and the nearby nodes (locally interconnected more often
within community), not on that between target nodes
and far away ones. It is thus more suitable to use t types
of random walks with length ranging from 1 to t to derive
a stable measure. We used

∑t
τ=1 P

τ instead of P t to de-
rive a more appropriate similarity measure to reflect the
likelihood of two target nodes being in the same commu-
nity, as this has been found to perform well in commu-
nity finding in our previous work [27, 28]. Each row i of∑t

τ=1 P
τ can be thought of as the expected number of

times that a random walker starting from node i visits all
nodes on the network within t steps. For convenience, we
denoted these quantities B =

∑t
τ=1 P

τ and termed them
behavioral quantities of nodes. Bi is an N -dimensional
vector for node i, which can be regarded as an indica-
tor of the influence of an autonomous agent (node i) on
nodes it meets on its random walk. As mentioned before,
a random walker will visit more often nodes that belong
to the same community of the triggering node. The like-
lihood of pair-wise nodes being in the same community
can be computed in terms of the similarity between their
corresponding behavioral quantities.
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2. Similarity Metrics

To choose a suitable similarity metric, it must be first
considered that for most of the networks, the dimension
of the behavioral quantity is often very high. Second,
what the similarity needs to reflect is the consistence of
two behavioral quantities, for instance to what extent
they are parallel, not the absolute distance to indicate
how far apart they are. We empirically found that three
similarity computation strategies are more useful to ex-
tract information from behavioral quantity: cosine simi-
larity (simcos), Pearson correlation (R) and exponential
similarity (simexp).
Consider two behavioral quantities Bi and Bj , the co-

sine similarity between them is computed as:

simcos(Bi, Bj) =
(Bi, Bj)√

(Bi, Bi)
√

(Bj , Bj)
(10)

where (Bi, Bj) is the inner product of Bi and Bj .
Pearson correlation between two vectors [37] is also

appropriate to measure the consistence of two behavioral
quantities:

Rij =

∑N
k=1(Bik −Bi)(Bjk −Bj)√∑N

k=1 (Bik −Bi)2
√∑N

k=1 (Bjk −Bj)2
(11)

where Bik is the behavior influence (expected number of
times that a random walk triggered on node i visits node
k within t steps) of node i on node k and Bi is the average
behavior influence of node i on all nodes in the network.
In addition, a specially designed exponential similarity

is also suitable, which has been proved relatively useful
for directed networks [28]. The exponential similarity is:

simexp(Bi, Bj) = exp(2t− ||Bi −Bj ||L1)− 1 (12)

where ||Bi−Bj ||L1 =
∑N

k=1 |Bik−Bjk|. It is easy to show
that exponential similarity simexp is always non-negative
and its maximum is exp(2t)− 1.
If two behavioral quantities Bi and Bj are highly con-

sistent, i.e. ||Bi − Bj ||L1
→ 0, simcos(Bi, Bj), Rij

and simexp(Bi, Bj) approach their maximal values: 1
for both cosine similarity and Pearson correlation and
exp(2t) − 1 for exponential similarity, indicating that
nodes i and j are certainly in the same community.
In contrast, if Bi and Bj are alternately 0, i.e. they
are orthogonal (note that all the entries of behavioral
quantity are non-negative), all three measures approach
their minimal values: 0 for both cosine and exponen-
tial similarity and -1 for Pearson correlation, meaning
that nodes i and j are definitely in different communi-
ties. By normalizing the values calculated by these sim-
ilarity measures -namely, (1 + R)/2 for Pearson correla-
tion, simexp/(exp(2t)−1) for exponential similarity, and
already naturally normalized cosine similarity-, the simi-
larities can be used as probabilities to indicate how likely
pair-wise nodes are to be in the same community.

The behavioral quantities derived from the original
network are sufficient to capture the information needed
to induce likelihoods of nodes being in the same commu-
nities. Iteratively reweighting the original edges of net-
works by the newly induced likelihoods will make the be-
havioral quantities of nodes in the same communities be-
come highly consistent and relatively dissimilar if nodes
are in different communities [27]. The community mem-
bership based node-node similarity is then derived from
the weighted network transformed from the original net-
work by iterative edge reweighting.

C. Community finding by message passing

1. Node preference

In this section we present two alternative ways to de-
fine a node’s preference as the likelihood of becoming a
community leader, one based on the above introduced
measures of similarity, and one based on the concept of
node degree.

For the first case, let us recall that partitioning a net-
work into communities is equivalent to label nodes of the
network with community indexes. If the likelihoods of
pair-wise nodes being in the same communities are avail-
able, they are used as evidence to indicate how well some
nodes are suited to be the group leaders of a set of sub-
groups of nodes. With these likelihoods, message passing
is executed by Affinity Propagation via message updating
rules given in equations (6) to (8). Since Affinity Prop-
agation is very efficient if the input similarities are log-
likelihoods, -e.g. negative Euclidean distance, then, the
similarities computed from equations (10) to (12) need to
be transformed in an appropriate form to efficiently apply
Affinity Propagation. For example, cosine similarity can
be transformed into negative angle distance and expo-
nential similarity into || · ||L1 − 2t. The values of Pearson
correlation for behavioral quantities are bound in [−1, 1],
and its corresponding log-likelihood can be simply calcu-
lated as: R − 1. Although negative angle distance from
cosine similarity and || · ||L1 − 2t from exponential simi-
larity can be used as input log-likelihoods, we prefer to
use log-likelihood R−1 derived from Pearson correlation
to act as input similarities for the message-passing pro-
cedure, since the range of values of R− 1 makes it much
easier to tune node preferences to finding all probable
partitions of a network into communities. The number
of communities is jointly determined by user defined pref-
erences and message-passing procedure. The larger value
of preference of a node indicates that the node tends to be
elected as community leader. In the absence of a priori
knowledge, it is recommended to use a common value
(common value preference, cp) such as median or min-
imum of the input similarities [23], to show the equal
chance to be group leaders for all nodes. The number of
communities can be varied by tuning the value of prefer-
ences for nodes, from the finest partition to the coarsest
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one.
As anticipated, cp is not the only way to define the

preference for a node, in fact, information based on the
degree distribution can, also, give meaningful informa-
tion. If communities were regarded as groups of nodes
with statistically more edges within communities than it
would be expected by chance, we could conclude that
nodes with higher degrees tend to have higher probabili-
ties to be community leaders. However, this is not always
the case: for instance a node with high degree could rep-
resent a node acting as mediator between groups, there-
fore using node degree would be misleading. On the other
hand, such mediator nodes would show low correlations
with their neighbors. For this reason, we use correlation
degree to replace node degree used in the original net-
work. The correlation degree Rdegi of node i is the total
correlations of all its neighbors. The preference prefi
of node i associated with correlation degree can thus be
defined:

prefi = −γ
Rdegmax

Rdegi
(13)

here γ is a parameter used to tune the values of preference
in order to screen all possible partitions of a network into
communities and prefi ≤ −γ,∀i.
Therefore, cp and γ are two possible ways to tune the

preference of a node, and ultimately to find communities
in a network.

2. The proposed scheme: APCOM

The scheme of message passing between nodes by
incorporating community membership based node-node
similarity to find communities in a network is summa-
rized as follows:
(1) Compute the behavioral quantity matrix B =∑t

τ=1 P
τ by releasing from each nodes t different ran-

dom walks with lengths ranging from 1 to t.
(2) For each pair of connected nodes, compute their like-
lihood of being in the same community by either equation
from (10) to (12).
(3) Set the induced pair-wise likelihoods as new edge
weights.
(4) Iteratively operate from (1) to (3) to make behav-
ioral quantities of nodes in the same communities highly
consistent and those of nodes in different communities as
dissimilar as possible.
(5) Calculate log-likelihoods of Pearson correlations of all
possible pairs of nodes, and determine the preferences of
nodes.
(6) Combine log-likelihoods and preferences to derive
messages by Affinity Propagation, and output the most
probable partition(s) of the network into communities in-
dexed by their community leaders after message passing
between nodes converges.
We call such a community finding scheme AP-

COM (Affinity Propagation for COMmunity find-

ing). The complexity of APCOM consists of iterative
edge reweighting, log-likelihood computation and times
of message passing in Affinity Propagation. The edge
reweighting can be done in O(INktmax) or on average
O(IN < k >t) for a sparse network with bounded node
degree as it is always the case in real world applications,
where I is the number of iterations and kmax and < k >
are the maximal and average degrees of the network, re-
spectively. Due to the advantage of standard, hardware
optimized and linear algebra software, computations of
log-likelihoods of pairs of nodes are done in O(N2) if
the log-likelihoods of all possible pairs of nodes are avail-
able, or O(J) for the case that only the log-likelihoods
of J pairs of nodes are available. Affinity Propagation
can be implemented with complexity proportional to the
number of available log-likelihoods [23]. Consequently,
the total complexity of APCOM is O(INktmax+2N2) or
O(INktmax+2J), which is always approximately propor-
tional to the number of available log-likelihoods.

3. Model Selection Tuning

Before applying APCOM, some practical issues must
be addressed.

In some circumstances, numerical oscillations will arise
when iteratively updating the messages in Affinity Propa-
gation. To avoid such an undesirable effect, each message
is set to the convex combination of its value from the pre-
vious iteration (multiplied by a damping factor λ) with
its prescribed updated value (multiplied by (1-λ)), with
0 ≤ λ ≤ 1. Higher values correspond to heavy damping,
needed if oscillations occur. We used the default value
λ = 0.9 suggested by the implementation of Frey et al.
in all our applications throughout the paper.

Another important practical issue is how to select the
most probable partition(s) of a network especially when
the network possesses hierarchical community struc-
ture. The interpretation of nodes of a network as N -
dimensional behavioral quantities vectors provides a nat-
ural tool for differentiating network partitions, by incor-
porating an appropriate statistic. We use the pseudo
F-statistic in data clustering [38] to support the identifi-
cation of the most probable partitions of a network into
communities. The pseudo F -statistic is defined:

FC =

∑C
s=1 Ns(B

(s) −B)(B
(s) −B)T∑C

s=1

∑Ns

i=1(B
(s)
i −B

(s)
)(B

(s)
i −B

(s)
)T
· N − C

N − 1

(14)
where C is the number of groups in the given partition;

Ns is the number of nodes in group s; B
(s)
i is the be-

havioral quantity of node i in group s; B
(s)

and B are
the average behavioral quantities of nodes in group s and
nodes in the network, respectively; (., .)T represents the
transpose of a vector. Higher values of FC mean that the
network is more likely to be partitioned into C groups. To
apply APCOM in a practical context, we can first exam-
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ine the range of preference values for which the network is
partitioned in the same number of groups. We then select
the partition with the largest range of preference values
as the most probable community partition. In the cases
of networks with clear community structures and only
one level of communities, such a strategy works very well
as we will see in the following section. In other cases,
when a network shows hierarchical community structure,
and thus several community partitions of the network
are all the most probable ones, we not only examine the
range of preference values but also calculate the values of
the pseudo F -statistic to select the most probable par-
titions. The partitions can thus be ranked first by the
range of preference values and secondly by the values of
the F -statistic.
The final issue is the choice of values of the random

walk length t and the number of iterations I, although
they do not show a very crucial influence on the results.
Basically, t should not be chosen too large, i.e. possibly
not greater than O(log(N)), due to the exponential con-
vergence speed of random walk. When t → ∞ (random
walk in this extreme has already converged), the behav-
ioral quantity matrix B converges to a constant matrix
with all identical rows. Edge reweighting in this extreme
case is equivalent to discarding all edge weights, which
discards valuable information that defines communities of
weighted networks and should therefore be avoided. In
addition, edge reweighting tends to give a coarser descrip-
tion of a network when t increases, and consequently the
number of communities found will sometimes decrease.
However, the number of communities found by APCOM
will mainly be determined by the values of node pref-
erence, and the community structures that tend to be
hidden by increasing value of t will be disclosed again by
tuning the values of node preference. As a result, the
value of t will have little impact on the results as long as
it is not very large. The number of iterations I is not a
crucial parameter and it is somewhat dependent on the
fuzziness of the community structure of a network. If
a network has very clear community structure, only a
few iterations are sufficient to capture the necessary in-
formation for computing likelihoods. If the community
structure of a network is very fuzzy, it is more challeng-
ing with edge reweighting to determine as accurately as
possible the likelihoods of pairs of nodes to be in the
same communities, this, however, represents a challenge
for other state-of-the-art community finding methods.

IV. APPLICATIONS

APCOM is here applied to real and synthetic networks,
all with known community structures. Given a network,
similarities between all N2 possible pairs of nodes are im-
mediately available by either equation from (10) to (12).
APCOM is thus implemented and applied by using all
such information. Without explicit declaration, the re-
sults shown in this section are obtained by using random

walk length as t = 6 and iterating 10 times to reweight
the edges. But it should be pointed out that the results
obtained by APCOM are robust with respect to the val-
ues of the parameters used. Three state-of-the-art mod-
ularity based community finding algorithms are chosen
for comparison: an eigenvector based method proposed
by Newman denoted EigenMod [11], its variant for di-
rected networks denoted DEigenMod [39], and a very
efficient algorithm denoted FastMod (also referred to as
Louvian method) by Blondel et al. [12]. Generally, other
modularity based algorithms can also be chosen for com-
parison, such as the ones presented in [6] and [10]. The
ones used in this paper were chosen for their efficiency
and comparatively high performance.

A. Zachary karate club network

This network consists of 34 nodes as members of the
karate club and 78 edges as friendships between mem-
bers [40]. The network had been split into two disjoined
groups during the years that W.W. Zachary studied it,
due to the disagreement between the administrator and
the instructor of the club.

We used APCOM to partition this network by vary-
ing preferences. Two different preference setting strate-
gies are used: correlation degree preference and common
value preference. Compared to other similarity metrics
such as negative Euclidean distance, the values of log-
likelihood of correlation are bound in a narrower range
([−2, 0]), which makes it much easier to tune the values of
preference. Since the minimal value of R−1 is -2, we sam-
pled more values of both γ and −cp in the interval [0, 2].
As shown in FIG. 1 (a) APCOM using the correlation
degree preference setting strategy obtained most of the
partitions as 2 communities with nodes 1 and 34 being
the corresponding groups leaders, which is the expected
splitting of this network, as shown in FIG. 1 (b). In
contrast to correlation degree preference taking into ac-
count different node roles in the network, common value
preference strategy produces other two less frequent par-
titions: 3 and 4 communities, which are the subdivisions
of the real splitting, as always found by modularity-based
methods [10–12]. We also tested the performance with
different values of t: smaller value (t = 3), moderate
value (t = 6) and larger value (t = 13), and found that
this gave very consistent results, meaning that APCOM
is robust with respect to the parameter of random walk
length t. The reason is that the influence imposed by
t will be reduced by varying the values of preference as
discussed in the previous section.

B. Football network of American college

We further applied APCOM to the network of Amer-
ican college football games during the 2000 fall regular
season [8]. This network has 115 teams as nodes and
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FIG. 1. (Color online) Results of applying APCOM to the
Zachary karate club network. (a) Number of communities
found by setting different preferences of nodes. (b) The par-
tition most frequently found by APCOM.

613 edges representing games played between the teams
joined. 115 teams come from 12 conferences and games
are more frequent between teams from the same confer-
ence than between teams from different conferences.
By varying γ or the value of common preference cp, two

types of partitions are more frequently found, as shown
in the upper subfigure of FIG. 2 (a). These two types of
partitions produce 11 and 10 communities, respectively,
which are both probable if we lack of additional infor-
mation. In this case, the difference between the ranges
of preference for the two possible partitions is so undis-
tinguishable that it cannot easily tell how to identify the
most probable one, unless the network shows hierarchical
structure. Fortunately, since APCOM views each node of
a network as an N -dimensional vector in a metric space,
we can use the pseudo F -statistic to address such issue, as
shown in the lower subfigure of FIG. 2 (a). The ranges of
preference that give the same partition and the values of
F -statistic jointly determine the partition of 11 commu-
nities to be the most probable one. FIG. 2 (b) gives the
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FIG. 2. (Color online) Results of applying APCOM to the
football network of American college. (a) Number of commu-
nities found by APCOM with different preferences (upper),
and the corresponding F -statistic value (lower); (b) Number
of correctly classified nodes out of 115. Insets show the further
results of larger values of γ or common preference −cp.

corresponding accuracies in terms of correctly classified
nodes out of the total 115 (the accuracy was calculated
by searching the largest common members between the
communities found versus the real ones, as in [28]), which
indicates that the partition of the network into 11 com-
munities is indeed the most probable one. Comparison
between two different preference setting strategies shows
that correlation degree is much easier to find the most
probable partition since it takes into account the differ-
ent roles played by the nodes in the network. When ap-
plying modularity based community finding algorithms
to this network (EigenMod and FastMod), they tend to
partition the network into 10 communities and thus miss
the most probable community partition of this network.
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C. Dolphins’ social network
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FIG. 3. (Color online) Results of applying APCOM to dol-
phins’ social network. (a) Number of communities found by
APCOM by varying the values of preference (Upper) and the
corresponding F -statistic value (Lower) to show the compact-
ness of each partition. (b) The most probable partition into 2
communities by APCOM with correlation degree preference.
Colors and shapes indicate different community memberships.
Nodes in ellipses are misclassified nodes according to the real
communities at t = 6.

We apply APCOM to another social network analyzed
by Lusseau et al., which is a network of bottlenose dol-
phins living in Doubtful Sound in New Zealand [41]. The
network consists of 62 dolphins as nodes, and the edges
between nodes indicate that the dolphin pairs were seen
more often than expected by chance. The dolphins sep-
arated in two groups after a dolphin denoted SN100 left
the place for some time. Applying APCOM with correla-
tion degree preference or common value preference to this
social network, the partitions of the network into 2 com-
munities were found to be the most probable partitions
(see FIG. 3 (a)). The partition obtained by APCOM

with correlation degree preference misclassifies dolphins
denoted SN89 and PL (nodes in ellipse in FIG. 3 (b)),
while the one with common value preference misclassifies
the dolphin denoted PL. It is interesting to observe that
the second largest eigenvalue of D−1W is very close to 1
(> 0.98), meaning that random walk on this network will
converge slowly. Thus t can be set as large as possible
before random walk converges. When t >= 14, APCOM
with correlation degree preference, partitions the network
into 2 communities with only the dolphin denoted PL be-
ing misclassified, like it happens when common value is
set as preference. The similarity of the partition with
larger t to that with smaller t explains again the robust-
ness of APCOM with respect to parameters variations.
When applying modularity based community finding al-
gorithms to this network, the network is split into more
than 2 communities (4 communities by EigenMod and 5
communities by FastMod )), failing to produce the ex-
pected partition. In contrast, APCOM reveals several
possible partitions of this network and suggests the par-
tition into 2 communities as the most probable.

D. Undirected LFR benchmark networks

Besides applying APCOM to real networks, we turn
to use a set of recently introduced synthetic benchmark
networks with realistic features [42]. The degrees and the
community sizes of these networks are both distributed
as power law with different exponents t1 and t2, respec-
tively. The ratio between the external degree of each
node with respect to its community and the total degree
of the node is determined by a common mixing parame-
ter µ. The value of µ controls the fuzziness of community
structure of a network and larger value means that the
network is harder to be decomposed into its real com-
munities. We generated different instances of such type
of networks with 1000 nodes each, and used the default
values of parameters: t1 = −2 and t2 = −1. The av-
erage degree of each network is 20 while the maximal
degree is 50. The value of µ was varied from 0.05 to 0.8
to obtain networks with different fuzziness of community
structures (the minimal and maximal sizes of communi-
ties are 20 and 50, respectively). The results of applying
APCOM to such type of networks are shown in FIG. 4,
with each point averaged on 10 different instances. The
accuracy was calculated in terms of number of correctly
classified nodes by making a mapping between commu-
nities found and the real ones, with the largest common
members [27, 28]. As it can be seen from FIG. 4 (a), AP-
COM shows relatively higher performance than that of
FastMod and EigenMod. For a network with clear com-
munity structure, accuracy with APCOM is computed
by selecting any partition with γ in the range of values
that specify the partitions as dominant among all pos-
sible partitions obtained by various values of γ, as it is
shown for example in FIG. 4 (b). For convenience, the
results presented in FIG. 4 (a) were obtained by setting
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FIG. 4. (Color online) Results of applying different methods
to undirected LFR benchmark networks with 1000 nodes. (a)
Performance comparison between modularity-based methods
and APCOM. (b) The ranges of values of γ that correctly find
the true number of communities in a sampled network with
30 built in communities.

γ = 2. APCOM gives consistent results also when setting
preference to common values (data not shown).
To assess if the performance of APCOM varies on

benchmarks with much larger scale, we similarly gener-
ated two sets of networks: one consisting of networks with
5000 nodes each and the other with 10000 nodes each.
The parameters’ value are the same used for generating
networks with 1000 nodes in the previous application ex-
cept for the 10000-node networks where the minimal and
maximal sizes are set to 20 and 200, respectively, to ob-
tain networks with more diverse communities. For these
larger networks, we compare APCOM to FastMod only
(since EigenMod in these cases is not faster nor more
accurate than FastMod) employing two different prefer-
ence setting strategies. To test these networks, we also
reduced by a half the length of the random walk to con-
sequently half the number of iterations, i.e., t = 3 and

I = 5 in these cases. The results are given in FIG. 5,
which clearly shows that APCOM performs much better
than FastMod. In these cases, even on networks with
obvious community structures, FastMod cannot find the
communities correctly. The worse behavior of FastMod
is due to the severe resolution limit problem, while AP-
COM can effectively tackle such a difficulty. It is worth
adding some notes on the results presented in the bottom
right subfigure of FIG. 5. In the case of networks with
10000 nodes when µ ≥ 0.6 and preference set to common
value, APCOM is not warranted to converge for all val-
ues of preference and in such cases every node forms its
own group and such a partition becomes the dominant
partition. This trivial solution can be simply discarded
or eliminated by tuning the damping factor in APCOM
and subsequently selecting the dominant partitions as the
most probable partitions. However, to avoid the use of
ad hoc manipulations that force the algorithm to con-
verge, and to simplify the parameters tuning (preserv-
ing the consistency of the usage of APCOM in different
conditions), we set the accuracies to zero since the per-
formance comparison in the cases of networks with clear
community structure (µ ≤ 0.5) is much more meaningful.

We must note that, although FastMod suffers from res-
olution limit, it has its own advantage over APCOM. In
fact, FastMod is very fast (approximately O(L), where L
denotes the number of edges) and can be used to roughly
partition mega-scale networks into communities provided
large memory space is available. Since APCOM uses sim-
ilarities between all possible pairs of nodes in a network,
it thus scales approximately O(N2) and it is faster than
EigenMod but it cannot as fast as FastMod. As a re-
sult, APCOM employing similarities of all possible pairs
of nodes is more useful for networks with several tens
of thousands of nodes (for example biological networks).
However, APCOM can be effectively implemented by
taking only O(J) pairs of similarities with J approxi-
mate to O(N) by some appropriate heuristics. This is
briefly further discussed in the Conclusion section.

E. Clique chained networks

Modularity maximization is found to suffer from reso-
lution limit. To examine if APCOM suffers from a similar
limitation, we constructed a series of networks chained by
5-node cliques with only single edge between each neigh-
bor pair of cliques [15]. The number of cliques varies
from 100 to 1000 and thus the number of nodes from
500 to 5000. After reweighting the original edges of net-
works, APCOM correctly detected the number of cliques
chained in the networks, compared to the failure of Fast-
Mod in the whole range, as shown in Table. I. When
varying the values of parameter γ for setting preference
in Affinity Propagation, APCOM found partitions of net-
works into their corresponding correct number of cliques
as the most probable partitions. The range of γ is so wide
that it is easy for APCOM to suggest the most proba-
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FIG. 5. (Color online) Results of applying different methods
to undirected LFR benchmark networks with 5000 (top) and
10000 (bottom) nodes, respectively. (Left) Performance com-
parisons between FastMod and APCOM employing correla-
tion degree preference. (Right) Performance comparisons be-
tween FastMod and APCOM employing common value pref-
erence.

ble partitions without any additional information. [Com-
pared to other partitions, the partition of a network into
cliques as communities is the dominant partition among
the partitions obtained from the whole possible range of
γ] APCOM works well also when the preference is set by
common values. Consistently with the discussion in the
previous section the performance of APCOM is robust to
the value of random walk length t.

F. Directed Flow networks

If exponential similarity in equation (12) is used, AP-
COM can also be applied to detect communities in di-
rected networks. We first considered a directed network
with 16 nodes, proposed by Rosvall and Bergstrom [43]
to test their information theory based community finding
algorithm called InfoMap. This network introduces a
structure pattern generating persistent movement within
nodes of the same color and shape and limited movement
between nodes of different colors and shapes, as shown
in FIG. 6. The weights of the bold edges are twice those
of normal edges. As it has been reported [28, 43], the di-
rect application of modularity-based community finding
algorithms to this network could not detect the regularity
induced by the network topology. Conversely, when ap-
plying APCOM to this network by first extracting infor-
mation contained in edge directions, the regularity hid-

den in this network was disclosed.

FIG. 6. (Color online) A 16-node directed network with 4
flow circles built in as communities, highlighted by different
colors and shapes. The weights of the bold edges are twice
the normal ones.

If all the edge weights of the network in FIG. 6 are
equal, modularity-based community finding algorithm for
directed network such as DEigenMod can correctly find
the regularity hidden in the structure, unsurprisingly so
can do InfoMap and APCOM. However, InfoMap cannot
always detect correctly the regularity in such type of net-
work if the number of chained components (directed flow
circles, each of which consisting of four nodes) increases,
neither can DEigenMod [39]. To see more clearly the be-
havioral differences between InfoMap and APCOM, we
generated similarly a set of such type of networks by vary-
ing different numbers of components [28]. The number of
chained components varies from 100 to 1000 and thus the
number of nodes from 400 to 4000. Results are summa-
rized in Table. II. Actually, InfoMap cannot detect the
correct number of components chained in the network
as long as the number is greater than 23, and DEigen-
Mod performs even worse for its bisecting nature, which
fails as soon as the number is greater than 5. When
the number of chained components becomes larger, In-
foMap performs very poorly on this type of networks, as
shown in Table.2. The failure of InfoMap is due to the
merging of neighbor components, which is a phenomenon
similar to the one found in modularity maximization as
resolution limit [15]. In contrast, APCOM can find the
correct number of components chained in such type of di-
rected flow networks, meaning that APCOM effectively
addresses the resolution limit problem. The range of val-
ues of parameter γ is also wide (0.5 ≤ γ ≤ 3) indicating
that the regularity hidden in the networks can be easily
detected.

G. Directed LFR benchmark networks

To further evaluate the performance of APCOM, we
applied it to LFR directed benchmark networks [42]. The
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TABLE I. Performance comparison between FastMod and APCOM on different number (100 to 1000) of cliques chained in
the networks. The results of APCOM were obtained as long as 0.05 ≤ γ ≤ 3.5. FastMod fails to detect the correct number of
cliques in the whole range, while APCOM can correctly detects cliques as communities.

Method/cliques 100 200 300 400 500 600 700 800 900 1000
FastMod 25 50 75 50 63 75 88 100 112 125
APCOM 100 200 300 400 500 600 700 800 900 1000

TABLE II. Performance comparison between InfoMap and APCOM on directed flow networks with different number of flow
components chained in the networks. The results of APCOM were obtained as long as 0.5 ≤ γ ≤ 3.5. InfoMap fails to detect
the correct number of components in the whole range, while APCOM can correctly find the regularity in the networks.

Method/flow circles 100 200 300 400 500 600 700 800 900 1000
InfoMap 54 109 162 178 219 265 305 350 392 438
APCOM 100 200 300 400 500 600 700 800 900 1000

parameters used were the same as those in the previ-
ous section. For directed networks, we first iteratively
reweighted edges and then treated them as undirected
networks as in [28]. Due to the role of edge direction
in directed networks, common value preference is more
suitable. The results obtained by APCOM with com-
mon value preference are shown in FIG. 7. Compared to
DEigenMod and InfoMap, APCOM performs very well
even when the community structures of networks are
fuzzy (µ >= 0.6). In addition, APCOM finds the parti-
tions of networks into their real communities as the most
probable community partitions, as shown in terms of the
wide ranges of values of preference in FIG. 7 (b).

H. Hierarchical networks

From the above described applications, we can see
that, by varying the values of preference, APCOM can
reveal the hierarchical structure of a network if the net-
work is organized in multiple levels. We thus applied
APCOM to two types of networks with two levels of hi-
erarchical structures. The first type of network contains
two networks, each of which consists of 256 nodes and
is similar to the one used to illustrate synchronization
method to find communities [44]. The lower levels of the
networks are both organized into 16 communities, each
of which consists of 16 nodes. Every 4 communities in
the lower level are organized into a larger community in
the higher level where 4 larger communities are formed.
This type of network is the generalization from a bench-
mark for community finding algorithms [9]. Since such
type of network is originally constructed as a set of ran-
dom networks, we instead construct them in a slightly
different way: the degree of each node is fixed exactly at
18. The internal degrees of nodes of these two networks
at lower level are respectively 13 for one and 15 for the
other, and the internal degrees of nodes at higher level
are 4 and 2, while there is only 1 edge of each node that
connects with any community of the rest of the network.

We similarly denote these networks H13-4 and H15-2 for
convenience.

For the H13-4 network, two most frequent partitions
were found by APCOM when varying the values of pa-
rameter γ (results of APCOM with common value prefer-
ence are the same since nodes in the network are topolog-
ically identical), which are the original hierarchical struc-
tures by construction: the lower level of 16 groups of 16
nodes and the higher level of 4 groups of 64 nodes (see
FIG. 8). In fact, the two levels (partitions) of H13-4 can
be interpreted from two different points of view. The
much wider range of γ values indicates that the higher
level of 4 communities is much more robust than the lower
level of 16 communities when varying the tendency of
nodes to be community leaders. The result from such a
point of view is also found in [45] in terms of the stabil-
ity of synchronization. Besides, since each node of the
network is embedded into an N dimensional space, the
results obtained by APCOM can also be interpreted from
the compactness point of view. The F -statistic is an ob-
jective function that ”prefers” compact sphere groups.
Compared to the configuration of 4 groups of 64 nodes,
the F -statistic value for the configuration of 16 groups
of 16 nodes is extremely higher, meaning that the lower
level organization tends to cluster nodes of the H13-4 net-
work into more compact groups. In consideration of the
fact that for most of the networks N is high, APCOM is
used by first examining the range of the values of prefer-
ence and secondly the F -statistic values. Only in cases
that possible ranges of the values of preference cannot
easily be distinguished, the F -statistic value takes effect
and we observed that it works appropriately throughout
a wide range of applications tested in this paper. For the
H15-2 network, the lower level of 16 communities with 16
nodes each is suggested to be the most probable partition
from both the robustness and the compactness points of
view, while its higher level organization is not so obvious.
Such a finding is also confirmed in [45]. In fact, the 16
communities in the lower level of the H15-2 network are
cliques, which are intuitively interpreted as communities.

The second network tested is a scale-free hierarchi-
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FIG. 7. (Color online) Results of applying APCOM to di-
rected LFR benchmark networks. (a) Performance compar-
isons among DEigenMod, InfoMap and APCOM with com-
mon value preference. (b) The ranges of values of preference
that correctly find the true number of communities in a sam-
pled network with 43 communities built in.

cal network with 125 nodes, proposed by Ravasz and
Barabasi [46], denoted RB125. By setting correlation de-
gree preference in Affinity Propagation, APCOM found
only two partitions of this network. The most frequent
one (as indicated by the range of values of γ) partitions
the network into 5 communities (see upper subfigure in
FIG. 9), each of which consists of twenty-five nodes, as
enclosed in five larger circles shown in FIG. 10. Such a
partition is exactly the higher level of RB125 by construc-
tion. The other one found by APCOM is the partition of
RB125 into 9 communities, as indicated by shadows in
9 circles (four larger and five smaller circles) in FIG. 10.
Although it is different from the lower level of the net-
work by construction, this partition of 9 communities
interestingly interprets this scale-free network RB125 as
a tree-like structure with the most central 5-node group
as root. In fact, all the other 8 communities in this par-
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FIG. 8. (Color online) Multi-level partitions of H13-4 network
by APCOM. (a) Number of communities found for different
values of γ. (b) Values of the F -statistic of the corresponding
partitions.

tition are its immediate sons or daughters, showing an
affiliation like organization of the RB125 network. Co-
herently, Arenas et.al [20] also found a partitioning of
this network into multi-scales, where the most frequent
partition is into 26 communities (the most central hub
node is separated as a single community). In the frame-
work of APCOM, however, the most central hub node is
not isolated as a single community but acts as the com-
munity leader of other nodes. When γ is small, nodes
are assigned to large preferences and they thus have high
probabilities to be community leaders. Since the cen-
tral hub node is connected to nearly all the nodes of the
network (therefore the overall similarities to other nodes
is high), this configuration is not in favor of separating
the central hub node as a single community according to
the target function in equation (4). Intuitively, isolat-
ing the central hub node can be thought of as creating
a new community from the previous community assign-
ment. Such an operation would cause the increase of
the total energy (or decrease of the overall similarity) in
equation (4) since the gain from the preference of the
central hub node tends to be insufficient to compensate
for the loss caused by reassigning the members indexed
by the hub node to other communities (indexed by less
connected nodes). When γ becomes larger, the compe-
tition for community leadership is mainly dominated by
the similarities between nodes, and the cost of isolat-
ing the central hub as a single community is increasingly
high. Such a behavior in the framework of APCOM is
somewhat similar to that of modularity-based approaches
although they are completely different methods.

We also applied APCOM employing common value
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preference setting strategy to the RB125 network, but
results are less satisfactory (see FIG. 9 lower subfigure),
as the most frequent partition appears to be the one con-
sisting of 4 communities which is somewhat against the
construction of the network. By varying cp, APCOM can
find two expected partitions: 25 communities of 5 nodes
each and 5 communities of 25 nodes each. The parti-
tion of 5 communities can be thought of as the second
most frequent by inspecting the range of the values of
cp. However, the partition of the network into 25 com-
munities seems to lack of strong evidence since in this
setting many other partitions coexist, a phenomenon en-
countered by using other frameworks as well [20].
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FIG. 9. (Color online) Different partitions of the RB125 net-
work into communities by APCOM with different preference
setting strategy. (Upper) Only two stable partitions by using
correlation degree preference. (Lower) Partitions obtained by
using common value preference.

Two modularity based algorithms, EigenMod and
FastMod, were also applied to partition the RB125 net-
work. They both found six communities: four peripheral
communities of 25 nodes, one 5-node community and the
one consisting of four 5-node groups. The community
with 5 nodes is however not the one that contains the
most central hub node, but one of the 4 peripheral 5-node
groups in the central larger circle, see FIG. 10. To ana-
lyze multiple levels of community structure of the RB125
network, we first used InfoMap to partition the network
and then construct a new network which nodes are the
communities found. The second level of communities was
then obtained by applying InfoMap to this new network.
The two levels of communities found by InfoMap are: 22
communities in the lower level (2 communities from the
division of the most central 5-node group where the most
central hub node is separated from other 4 nodes as a sin-
gle community, 4 communities consisting of the merging
of two 5-node groups, and sixteen 5-node communities)
and 5 communities in higher level. According to the com-
munity structure of the RB125 network by construction,
modularity based methods miss the two exact levels of
communities and InfoMap misses the lower level.

FIG. 10. (Color online) Two stable levels of RB125 network
found by APCOM. Shadows in circle represent the lower level
organization consisting of 9 communities, while the partition
indicated by five larger circles gives the higher level of 5 com-
munities.

V. CONCLUSION AND DISCUSSIONS

If the nodes of a general network are effectively em-
bedded in a metric space, finding communities of a net-
work is equivalent to clustering data points in that metric
space. By means of random walk on networks, a commu-
nity finding scheme named APCOM has been proposed
in this paper. APCOM operates on data points (em-
bedded nodes of a network) in a metric space and treats
partitioning a network into communities as finding com-
munity leaders in that network. Community leader elec-
tion is accomplished by passing messages between nodes.
To derive messages, APCOM first evaluates by random
walk the likelihood of each pair of connected nodes of a
network to be in the same community, and uses then the
induced likelihoods to iteratively reweight the original
network. Starting from the novel reweighted network,
APCOM derives a similarity for every possible pair of
nodes to show how well one node is suited to be the
community leader of the other. With the derived simi-
larities and with user prescribed preferences for nodes to
be community leaders, APCOM adopts Affinity Propa-
gation clustering method to execute a message passing
procedure. After message passing converges, communi-
ties emerge as indexed by their corresponding community
leaders.

We have applied APCOM to a series of real and syn-
thetic directed and undirected networks, and the much
higher performance of APCOM than that of state-of-the-
art community finding algorithms demonstrates its effec-
tiveness in community finding. Compared to previous
methods which also embed nodes of networks into metric
space [29, 30], APCOM is more general and efficient. The
generality comes from the similarity calculation strat-
egy adopted by APCOM. Such a similarity measure is
based on community membership of nodes and induced
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by random walk on networks, which relaxes the strong
assumption that connected nodes must be similar. Since
the similarity is not computed by Eigen-decomposition
but instead by matrix-vector multiplications, it can be
computed efficiently. In addition, the complexity of mes-
sage passing process in APCOM is always proportional
to the number of messages exchanged. Thus APCOM
can be used efficiently. More importantly, even if there
are user defined parameters in APCOM, the performance
of APCOM is very robust to the values of those parame-
ters, which makes APCOM easy to be operated. Thanks
to appropriate similarity calculation strategies, APCOM
provides a simple but effective unified framework for find-
ing communities in both directed and undirected net-
works and simultaneously evaluates the robustness of all
possible community partitions by changing the tendency
of nodes (node preference) to be community leaders. The
unified form of APCOM is important since directly ex-
tending community finding methods for undirected net-
works to methods for directed networks is not so obvious
and always challenging.
Compared to other techniques, such as C-means or C-

median to prescribe the number of groups [24], the value
of user defined node preference in APCOM is much eas-
ier to choose, since its value is always bound in a very
reduced range and only very limited sample values are
needed. As discussed in the last section, APCOM always
works by tuning node preference to find robust commu-
nities in networks. In this respect, APCOM should be
considered as a framework that simultaneously partitions
a network into communities and evaluates the robustness
of all possible partitions. The robustness can be easily
evaluated since in the plot of the number of communi-
ties versus the values of γ or cp there will always be at
least one obvious plateau if a network has indeed clear
community structure. Thus the direct benefit is that, if
the networks possess hierarchical community structure,
APCOM can also screen their possible community struc-
ture at different levels of resolution. In addition, the
nature of APCOM to embed nodes into a metric space
makes it possible to identify the most probable parti-
tion(s) of the network into communities by incorporat-
ing appropriate statistical tools for vectors. It is worth
noting that such a behavior is very similar to that of a
recent interesting work by R. Lambiotte [47], where the
proposed framework finds robust partition(s) by modi-
fying quality functions with different values of parame-
ters. However, the intrinsic mechanism of APCOM for
finding robust partition(s) is different from the one pro-

posed by R. Lambiotte. In fact, APCOM varies the value
of node preference to change the tendency of nodes be-
ing the community leaders while it retains the similarity
relationship between pairs of nodes. If a network has
clear community structure, such type of variation cannot
change the strongly preferred community memberships
of nodes. In addition, the plateau of the robustness plot
tends always to correspond to the same partition in con-
trast to the case in [47] where the partitions are usually
not exactly equivalent, as the strategy proposed in [47]
alters the similarity relationships between pairs of nodes
by varying the time scales.

Finally, some notes are drawn for future work. Since
similarities between all N2 possible pairs of nodes of a
given network are immediately available by either equa-
tion from (10) to (12), APCOM is implemented and ap-
plied in the current work by using all such information,
which somewhat reduces the effectiveness and makes AP-
COM currently more useful for networks with several
tens of thousands of nodes. However, APCOM can in
fact be implemented in a much faster way by consider-
ing heuristics reflecting the local nature of communities,
for example, by considering only similarities between a
node and its nearby direct or indirect neighbors, neces-
sitating of a number of similarities in an approximate
scale of O(N). Various heuristics for such an implemen-
tation, which would allow the handling of networks with
hundreds of thousands nodes, together with other possi-
ble node preference setting strategies, are left for further
research on an important improvement and a complex
enhancement of the algorithm not to distract the focus
of the current work. Besides, other similarity measures,
for instance, average first passage time induced similar-
ity [32, 33], graph kernels based similarity [48], matrix
based similarity [26, 29, 30] and so on, can be used to
integrated into ACPOM to partition networks into com-
munities (although such similarity measures have either
high computation complexity or impose strong assump-
tions on network edges).
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